In our previous work [2] , it has been found that sizable charmonium events can be produced via the channel e + e − → γ * /Z 0 → H(|cc )+γ at the suggested super Z factory, where H(|cc ) represents the dominant color-singlet S-wave and P -wave charmonium states J/ψ, ηc, hc and χcJ (J = 0, 1, 2), respectively. As an important step forward, in the present paper, we present a next-to-leading order (NLO) QCD analysis within the framework of nonrelativistic QCD. In different to the case of B factory in which the single charmonium production is dominated by the channel via a virtual photon, at the super Z factory, its cross-section is dominated by the channel via a Z 0 boson. Estimations up to NLO level are done under the condition of both the B factory and the super Z factory. We observe that the NLO distributions have the same shapes as those of LO distributions, but their differences are sizable. This indicates that a NLO calculation is necessary and important to achieve a more accurate estimation. Due to Z 0 boson resonance effect, at the super Z factory with a high luminosity up to 10 36 cm −2 s −1 , when summing all the color-singlet states' contribution together, one may observe about 8.0 × 10 4 charmonium events via the channel e + e − → Z 0 → H(|cc ) + γ in one operation year. Then, such super Z factory could provide another useful platform to study the charmonium properties, even for the higher charmonium states. 
I. INTRODUCTION
Heavy quarkonium is a multiscale system which provides an ideal platform for probing quantum chromodynamics (QCD) theory at all energy regions. The charmonium production at the e + e − collider via exclusive processes can be helpful for the purpose. At the B factories as Belle and BABAR, which are running with the center-of-mass collision energy √ s = 10.6 GeV, the single charmonium production is dominated by the channel via a virtual photon, i.e. e + e − → γ * → H(|cc ) + γ, where H(|cc ) stands for the S-wave or P -wave colorsinglet charmonium, respectively. Because only one charmonium in the final state, one can extract more subtle properties of the charmonium. In the literature, the cross section of this channel has been studied up to next-toleading order (NLO), c.f. Refs. [1] [2] [3] [4] . It has been found that the cross sections for the single charmonium production are larger than those of double charmonium production by about several times up to an order of magnitude. Since the double charmonium channel such as e + e − → γ * → J/ψ + η c has already been measured at the B factories [5] [6] [7] , it has been optimistically estimated that if the background from the channel e + e − → X + γ is under well control in the recoil mass region near the H(|cc ) resonance, the process e + e − → γ * → H(|cc ) + γ can also be detected by analyzing the photon energy spectrum in e + e − → X + γ. However, till now, there is no experimental observation about the associated production from those two B factories. It is therefore helpful to find another experimental platform to check all theoret- * email:wuxg@cqu.edu.cn ical estimations. And a super Z factory running at an energy around the Z 0 -boson mass with a high luminosity L ≃ 10 34−36 cm −2 s −1 [8] could be a good candidate for such purpose.
Considering the high luminosity and a clean environment of the super Z factory, more and more rare decays and productions can be observed and measured. At the super Z factory, the single charmonium production is dominated by the channel via Z 0 boson, i.e. e + e − → Z 0 → H(|cc ) + γ, due to the Z 0 -boson resonance effect [1, 2] . More explicitly, it shows that for high luminosity L ≃ 10 36 cm −2 s −1 , we shall have around 5.0 × 10 4 J/ψ, 7.5 × 10 3 η c , 6.2 × 10 3 h c , 3.3 × 10 3 χ cJ events for the channel of e + e − → Z 0 → H(|cc ) + γ by one operation year [2] . Thus, such a super Z factory can be an useful platform for studying heavy quarkonium properties and for testing QCD theories. As a sound estimation, it is interesting to show how the NLO corrections affect the previous leading-order estimations, as is the purpose of the present paper. In addition to previous NLO corrections to the channel e + e − → γ * → H(|cc )+γ done in Refs. [3, 4] and at the condition of B factory, we shall also deal with the channel e + e − → Z 0 → H(|cc )+γ up to NLO level. We shall present a sound estimation at both the B factory and the super Z factory.
The remaining parts of the paper are organized as follows. In Sec.II, we present a NLO calculation on the single charmonium production via the channel e + e − → γ * /Z 0 → H(|cc ) + γ within the framework of nonrelativistic QCD (NRQCD) [9] . Numerical results and discussions are presented in Sec.III. The final section is reserved for a summary. Analytical expressions for basic one-loop integrations are put in the Appendix.
II. CALCULATION TECHNOLOGY
In this section, we describe our calculation technology for dealing with the single charmonium production via the channel e + e − → γ * /Z 0 → H(|cc ) + γ up to NLO level. Because the color-octet components provide negligible contributions, we shall concentrate our attention on the charmonium production via the color-singlet mechanism [10] . Since the LO part has been detailed analyzed in Ref. [2] , we shall mainly provide the technology on how to deal with the NLO part and shall list some of the LO results only for self-consistence.
, where H(|cc ) stands for color-singlet Swave or P -wave charmonium states:
Up to NLO accuracy, there are two tree-level Feynman diagrams and eight one-loop diagrams, which are shown in Figs. 1 and 2. It is noted that for the present colorsinglet charmonium production, at the NLO level, there are only virtual corrections and the real corrections have no contribution to the amplitudes due to their color factors vanish, Tr = 0 with T a being the color factor for the color-octet charmonium. Then, the differential cross section for the process e + (p 2 ) + e − (p 1 ) → γ * /Z 0 → H(|cc )(q 1 )+γ(q 2 ) at the NLO level can be schematically written as,
where,
and
where
The symbol means averaging over initial states and summing over the final ones.
M Born and M V irt are amplitudes for the Born level and the virtual corrections, respectively. dΦ n is the n-body phase space which is formulated as,
Details to deal with the phase space, e.g., to get the total cross sections and to get the differential cross sections for angular distribution and transverse momentum distribution, can be found in Ref. [2] .
Different to previous treatment of using improved trace technology [11] [12] [13] [14] [15] [16] [17] to deal with the hard scattering amplitude for the channel e
, because of its complexity at the NLO level 1 , we shall adopt the conventional squared trace technology to do the calculation. For the purpose, we adopt the FeynArts package [18, 19] to directly generate Feynman diagrams and Feynman amplitudes. And the followed basic color algebra and Dirac matrix simplifications are done by using FeynCalc package [20] .
There are ultraviolet (UV), infrared (IR), and Coulomb singularities in M V irt . The UV divergences will generally appear in self-energy and triangle diagrams, while the box diagrams are free of UV divergence. The triangle and box diagrams are in general IR divergent. More specifically, for the processes e + e − → γ * /Z 0 → H(|cc ) + γ, the self-energy diagrams labeled by Self-Energy N1 and Self-Energy N2 in Fig. 2 are UV divergent but IR finite; the Box N1 and Box N2 are UV safe but IR divergent and also have Coulomb singularities which should be absorbed into the non-perturbative color-singlet matrix elements; the triangle diagrams are both UV and IR divergent. After applying the dimensional renormalization [21] with the space-time dimension D = 4 − 2ǫ, these infinities can be safely removed and one could obtain finite results.
For the process, e + e − → γ * /Z 0 → H(|cc ) + γ, there are two renormalization constants, Z m and Z 2 , which correspond to charm quark mass m c and charm field ψ c , respectively. We adopt the on-mass-shell (OS) scheme to set the renormalization constants Z m and Z 2 , which satisfy
, where H(|cc ) stands for color-singlet S-wave or P -wave charmonium states:
where µ R stands for the renormalization scale and γ E = 0.577 is the Euler constant. Then, one can obtain all counter terms analytically and the UV divergences can be canceled by adding all those counter terms together. In evaluating the amplitude M V irt , we have to deal with the divergent loop integrals. We take the diagram Box N1 of Fig. 2 as an explanation of how to deal with those integrals. Its amplitude can be formulated as
The superscript B1 denotes the diagram Box N1 shown in Fig. 2 , similarly, the self-energy and triangle diagrams can be noted as S1 and S2, and V1 · · · V4, respectively. C is the color factor. The subscripts s and s ′ represent the spin projections of the initial particles. L µ is a Dirac γ-string and the D µν is the propagator for virtual photon or Z 0 boson. For the process via a virtual photon, we have
and for the process via a Z 0 boson propagator, we have
where Γ z stands for total decay width of Z 0 boson. The parameter e is the unit of electric charge and g w is the weak interaction coupling constant. ε σ (q 2 ) is the polarization vector of the final photon. I νσ is an one-loop tensor integral, which for the channel via the virtual photon, e + e − → γ * /Z 0 → H(|cc ) + γ, can be written as
where k is the loop momentum and f νσ (k) is a tensor function of k. Production of different charmonium states H(|cc ) shall result in different f νσ (k). For later usage of the region expansion method [22] , we transfer Eq. (11) into the following form by making a momentum shift for the loop momentum,
At the amplitude level,
2 ) can be expanded in varies independent tensor structures, such as k ν ε σkq1q2 , the number of which depends on which charmonium states to be generated. The tensor structures have to be reduced to scalar forms before doing loop integration. All tensor integrals can be changed to scalar integrals through the reduction with the help of FeynCalc package [20] . For example, in D-dimension, the above mentioned tensor structure k ν ε σkq1q2 can be reduced into the following form,
where r = s/(4m 2 c ) and s is the squared center-of-mass energy for e + e − collision. The results of FeynCalc can be further simplified by using a Mathematica function $Apart [23] , which is performed the simplification analytically at the amplitude level. By using $Apart, the integrals as Eq. (11) can be decomposed into linear combinations of a number of standard integrals [24] . For example, the box diagram Box N1 can be transformed into a linear superposition of four 2-point, five 3-point, and two 4-point scalar integrals corresponding to N (2) n , N (3) n and N (4) n , which are easier to be evaluated, i.e.
where g 2 s = 4πα s is the strong coupling constant. The 2-point scalar integrals N (2) n (n=1,· · · ,4) are defined as following:
where λ =
) are defined as following:
The 4-point scalar integrals N 
2 are formulated as
. (24) To calculate those n-point scalar integrals N (n) m , we reduce them into much simpler master integrals by using Feynman integral reduction algorithm FIRE [25] . The most important point of FIRE is the so-called integration by parts (IBP) relations [26] ,
where k i is the loop momentum and p j can be either internal or external momentum in the concerned loop diagrams. Then, I
νσ for the box diagram Box N1 can be reduced in terms of a linear combination of two 1-point, two 2-point and one 3-point master integrals, i.e.,
. (31) These master integrals can be easily evaluated as, for instance,
, which can be numerically evaluated by using the package LOOPTOOLS [27] . In fact, analytic expression for the 3-point C 0 function can be obtained by using the method introduced by Refs. [28, 29] . And, we obtain
where λ 1 = i (4π) 2 and Li 2 is the Spence function. Using the same techniques, one can evaluate all one-loop scalar integrals analytically, which are put in the Appendix for convenience. Finally, we obtain
where a = The amplitude of the channel e + + e − → Z 0 → H(|cc ) + γ can be treated via the same way as that of e + + e − → γ * → H(|cc ) + γ. As a subtle point for e + + e − → Z 0 → H(|cc ) + γ, we have to deal with the γ 5 problem in using the dimensional regularization approach. We adopt the γ 5 -scheme suggested in Ref.
[30] to do our calculation, which has recently been applied by Refs. [31] [32] [33] [34] [35] . Following the same treatments as described in detail in the appendix of Ref. [34] , one needs to be careful about the following points:
• The cyclicity of the traces involving odd number of γ 5 should be treated by using the same route in order to keep the final finite results consistent, i.e. the route for summing up dummy index go across even or odd numbers of γ 5 .
• The amplitudes must be written starting from the same reading point, which ensures every amplitude dealing with upon the same gauge.
• In order to guarantee the conservation of the vector current, the reading point must be the axial vector vertex for the case when the amplitude contains an anomalous axial current. While, for the cases of the amplitudes containing even number of γ 5 , they are free from the γ 5 -scheme, such as the productions of η c and h c via the process e
Total cross section of the process can be written as
where O H (n) 0 is the tree-level non-perturbative but universal matrix element which represents the hadronization probability of the perturbative state (cc)[n] into the bound state H.σ (0) is the hard part of the LO cross sections. The Coulomb term πα s C F /v can be absorbed into the renormalized matrix element,
where O H (n) R is the redefined matrix elements at the one-loop level. The color-singlet matrix elements can be related with the wavefunction at the origin for S-wave charmonium or the first derivative of the wavefunction at the origin for P -wave charmonium [9, 36] ,
There values can be derived by using the potential model, e.g., Ref. [37] , or be extracted from the corresponding charmonium decays by comparing with the data, c.f. Refs. [3, 38, 39] .
III. NUMERICAL RESULTS

A. Input parameters
If not specially stated, the input parameters are taken as the same as those of Ref. [2] . We take m z = 91.1876 GeV and the charm quark mass m c = 1.5 GeV, α(10.6 GeV) = 1/130.9, and the charmonium masses [40] : M J/ψ = 3.097, M ηc = 2.980, M χc0 = 3.415, M χc1 = 3.511, and M χc2 = 3.556 GeV, respectively. We adopt two-loop strong coupling constant to do our calculation, i.e.,
where L = ln(µ 
at the NLO level.
As a cross check of our present calculation up to oneloop level, we find that: (I) Both UV and IR divergences are canceled exactly when summing all divergent terms together, which is checked both analytically and numerically. (II) When taking the same input parameters, we obtain the same LO estimations for all the mentioned channels as those of Ref. [2] which are calculated by using the improved trace technology. (III) As for the experimental condition of B factory, when taking the same input parameters as those of Ref. [4] , we obtain the same numerical results for the channel e + e − → γ * → H(|cc ) + γ up to NLO level.
B. Basic results
We present the LO and NLO results for the channels e + e − → γ * /Z 0 → H +γ with the center-of-mass collision energies √ s = 10.6 GeV and √ s = m Z in Table I It is noted that our present LO cross sections are smaller than those listed in Ref. [2] . It is because that at present, we adopt |R(0)| LO or |R ′ (0)| LO to be those of Eqs. (39, 40) other than the value derived by potential model [37] to do our LO calculation. To be consistent, the NLO cross sections are calculated by using the NLO values |R(0)| NLO and |R ′ (0)| NLO that are presented in Eqs. (41, 42) . Further more, we define a ratio R X to show the relative importance of the Born terms and the virtual corrections at the NLO level,
where X stands for specific production channel. Since the real correction contributes zero, R X rightly shows the pQCD convergence up to NLO level. The magnitude of |R X | for all production channels are sizable, which shows the necessity and importance of one-loop corrections. The virtual contributions are either positive or negative depending on which charmonium state to be generated and which channel to be adopted. At the B factory, we see that in most cases the one-loop QCD corrections are negative and moderate, except for the χ c2 case, in which the correction is large and is about −74%
boson only lead to small contributions at both the B and super Z factories [2] . So, in the present paper, we will not consider the interference terms either. 
The label γ * − LO means the channel via a virtual photon and at the LO level, and etc.. of the Born result, consistent with those of Ref. [4] . At the super Z factory, we see that in most cases the oneloop QCD corrections are positive and moderate, except for the h c , χ c0 and χ c2 cases, in which the corrections are large and are about −66%, 1.1% and −76% of the Born results, respectively.
To give an idea of how the total cross sections change with the e + e − collision energy, we present both the LO and the NLO results in Fig. 3 . For convenience, in Fig. 3 , all color-singlet charmonium states' contributions are summed up for the same production channel. The summation of all Fock states are reasonable, since higher Fock state may decay to the ground state via strong or electromagnetic radiations with high probability. Up to NLO level, because of Z 0 -boson resonance effect, there is a peak value at √ s = m Z . Thus, one may expect that those channels via Z 0 boson can provide sizable contributions at the super Z factory.
As a subtle point, how to set optimal renormalization scale for the process is an important issue in making precise pQCD predictions. Conventionally, one may choose one typical energy scale Q and then vary it within the region of [Q/2, 2Q] or directly choose several typical energy scales for probing the scale dependence. As an example, we present the total cross sections under three frequently used scales, i.e., µ R = 2m c , √ s 2 , and √ s, in Table III . More generally, we present total cross sections versus the scale µ R up to 30 GeV in Fig. 4 , in which all color-singlet charmonium states have been summed up. Under the conventional scale setting, by varying µ R ∈ [2m c , √ s], a large scale uncertainty about 11% (or −8.6%) is observed for the channel via a virtual (or via a Z 0 boson). In addition to the conventional way of doing scale uncertainty, in Fig. 4 , we also present the results for an improved way to estimate the scale uncertainty, which is suggested in Ref. [41] and is based on the principle of maximum conformality (PMC) [42] 3 . According to the suggestion, even though we have no β-terms to determine the optimal scale, we can compensate the conventional scale uncertainty at the NLO level by using one-higher order terms from the α s running known from the renormalization group equation, and then a more reliable scale analysis can be achieved. That is, we substitute the following formulae
into the NLO expressions of e + e − → γ * → H(|cc ) + γ. Fig. 4 really shows a better scale uncertainty than that of the conventional one, i.e. by varying µ R ∈ [2m c , √ s], a smaller scale uncertainty about 4.5% (or −5.2%) is observed for the channel via a virtual (or via a Z 0 boson). We put the differential distributions dσ/d cos θ and dσ/dp t up to NLO level in Figs. 5 and 6, where θ stands for the angle between the three-vector momentums of the charmonium and initial electron and p t is the charmonium transverse momentum. Here to show how the oneloop correction affect the production, we put the S-wave and P -wave cross sections in a separate way. Because the phase spaces are the same for both the LO and the NLO terms, the NLO distributions have the same shapes as those of LO distributions, but their differences are sizable. Then, a NLO calculation is necessary to achieve a more accurate estimation. As a final remark, we make a comparison of single charmonium production at different experimental conditions suggested in the literature, the results of which are listed in Table IV . It indicates that
• At the B factories with an integrated luminosity up to 20fb −1 , when summing all the charmonium states'contributions together, about 1.5 × 10 3 total charmonium events could be observed.
• Supposing the high luminosity L ≃ 10 36 cm −2 s TABLE IV. Total cross sections (in unit: fb) at NLO level for the process e + e − → γ * /Z 0 → H(|cc ) + γ with different center-of-mass collision energy, here µR = 2mc and mc = 1.5 GeV are adopted.
√ s = 10.6, 91.1876, 125, and 500
GeV correspond to B factories, the super Z factory, the Higgs factory, and the ILC, respectively.
e + e − → Z 0 → H(|cc ) + γ.
• Due to the very small cross sections in the Higgs factory ( √ s = 125 GeV) and ILC ( √ s = 500 GeV or higher) [43] , there are almost no events to be obtained even under a high integrated luminosity up to 100fb −1 . Thus, in different to the B factory and the super Z factory, the suggested Higgs factory and the ILC are not suitable for observing the charmonium events via the production channel e + e − → H(|cc ) + γ.
IV. SUMMARY
The measured double charmonium production cross sections are unexpectedly large in comparison with the LO calculation [44] [45] [46] . Even though many suggestions have been tried to explain the puzzle [34, 39, [47] [48] [49] [50] [51] [52] [53] [54] [55] [56] , it has not been well settled so far. It is therefore helpful to find another channel such as the single charmonium pro-duction or another experimental platform other than the B factory to check all theoretical estimations and treatments. It is noted that the charmonium production at BESIII may also be helpful for such purpose [57] .
It has been shown that the super Z factory running with high luminosity L ≃ 10 36 cm −2 s −1 can provide a potential platform to study the single charmonium production via e + e − → γ * /Z 0 → H(cc) + γ [2] . In the present paper, we have presented an improved analysis up to NLO level, i.e. both the LO and NLO estimations at the B factories and the super Z factory are discussed. The NLO distributions have the same shapes as those of LO distributions, but their differences are sizable, which inversely indicates that a NLO calculation is necessary and important to achieve an accurate estimation.
At the B factory, we see that in most cases the oneloop QCD corrections are negative and moderate. While for the super Z factory, the one-loop QCD corrections are positive and moderate in most cases. At the super Z factory with a high luminosity up to L ≃ 10 36 cm −2 s −1 , one may observe about 8.0 × 10 4 charmonium events via the channel e + e − → Z 0 → H(|cc ) + γ in one operation year. Renormalization scale uncertainties have been discussed with an improved treatment based on the idea of PMC scale setting. We have shown that by using such improved treatment, part of the conventional scale uncertainty is compensated by the one higher-order running behavior of the strong coupling constant, then a smaller scale uncertainty than the conventional scale analysis have been observed. That is, by varying µ R ∈ [2m c , √ s], about a smaller 4.5% (or −5.2%) is observed for the channel via a virtual (or via a Z 0 boson).
